We survey some results on covering the vertices of 2-colored complete graphs by two paths or by two cycles of different color. We show the role of these results in determining path Ramsey numbers and in algorithms for finding long monochromatic paths or cycles in 2-colored complete graphs.
A graph is 2-colored if each edge is colored either red or blue. We consider results on covering the vertices of 2-colored complete (undirected, directed, or bipartite) graphs by monochromatic paths or cycles. Algorithmic proofs of these results are given, and these results are applied to the calculation of generalized Ramsey numbers.
A 2-colored path or cycle is called simple if it is monochromatic or it is the union of a red and a blue path. The following simple result was mentioned in a footnote in [ 2] . The next result deals with cycles covering a 2-colored Kn-It is convenient for our purpose to consider vertices and edges as cycles, a vertex is considered either as a red or a blue cycle, and an edge is considered as a cycle in its color.
Theorem 2. The vertices of a 2-colored
Kn can be covered by the vertices of one red and one blue cycle, such that the two cycles have at most one common vertex.
Proof( Algorithm 2)
. The initial step is to construct a simple Hamiltonian cycle C in Kn using Algorithm 1 (we assume n ~ 3 ). If C is monochromatic then we stop: C and any vertex of C give the required cycles. We can assume that C is the union of a red and a blue path:
Xn-I, ... , Xm and B = x 1 , x 2 , ... , Xm for some 1 < m S n. Since the role of the edge e = x 1 xm is symmetric inC, we may assume that e is red.
Starting from the red cycle C 0 =R U {e}, we construct red cycles Ci for ---_ -> Corollary 2 ([4] , [6] ). R(Pm,Pn)-m + n · 3. for m,n = 3.
It is easy to formulate the proof of Theorem 3 as an algorithm to find a simple Hamiltonian cycle in a 2-colored Kn. Although the algorithm we obtain is still simple (compared to Algorithm 1 for the undirected case), its time complexity is 0( n 2 ). The reason for this behavior is that one needs O(n 2 ) time to find a maximal loop in a 2-colored R:.
Path-path Ramsey numbers for complete bipartite graphs were independently est~blished in [3] and [4] . The heart ofthe method in [4] can be stated as a vertex covering result (Theorem 4 below). An exceptional coloring of a complete bipartite graph with vertex classes A and B is a coloring, where Theorem 4. A 2-colored complete bipartite graph K( n, n) has either an exceptional coloring or contains a simple path P with the following properties: both the red and the blue path of P have an even number of vertices, P covers the vertices of K( n, n) with one possible exception.
Theorem 4 is suitable to obtain the path-path Ramsey numbers for 2-colored complete bipartite graphs. Its simplest consequence is the following corollary. The proof of Theorem 4 in [ 4] can be formulated as an O(n 2 ) time algorithm to find the required simple path or the exceptional covering of a 2-colored K( n, n). This algorithm is not presented here since it is longer and less illustrative than the algorithms shown in this paper.
We have seen that an O(n) algorithm can find a "long" monochromatic path in a 2-colored Kn but only O(n 2 ) algorithms are available for the same purpose if Kn is replaced by Kn or by K(n,n). It would be interesting to kt;tQW whether an 0( n) algorithm can have any power on ~ and K( n, n ). More precisely, we have the following problem. 
